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In this paper, the problem of a crack along an interface between inhomogeneous or-
thotropic media is solved by using a new method, named the Schmidt method. To make the
analysis tractable, it is assumed that the Poisson’s ratios of the mediums are constant and the
material modulus varies exponentially with coordinate parallel to the crack. By use of the
Fourier transform, the problem can be solved with the help of two pairs of dual integral equa-
tions in which the unknown variables are the jumps of the displacements across the crack. To
solve the dual integral equations, the jumps of the displacements across the crack surfaces are
expanded in a series of Jacobi polynomials. Numerical examples are provided to show the
effects of the length of the crack and the parameter describing the functionally graded materi-
als upon the stress intensity factor of the cracks. When the material properties are continuous
across the crack line, the numerical results are the same as those obtained so far. When the
material properties are not continuous across the crack line, an approximate solution of the
interface crack problem is given under the assumptions that the effect of the crack surface
overlapping very near the crack tips is negligible. Contrary to the previous solution of the
interface crack, it is found that the stress singularities of the present interface crack solution
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are similar with ones for the ordinary crack in homogenous orthotropic materials.
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1. Introduction

The analysis of functionally graded materials (FGMs)
has become a subject of increasing importance motivated
by a number of potential benefits achievable from the use
of such novel materials in a wide range of modern techno-
logical practices. The major advantages of graded materi-
als, especially in elevated temperature environments, stem
from the tailoring capability to produce a gradual varia-
tion of its thermomechanical properties in the spatial do-
main". In particular, the use of a graded material as inter-
layers between bonded media is one of the highly effective
and promising applications in eliminating various short-
coming resulting from stepwise property mismatch inher-
ent in piecewise homogeneous composite media®~®.
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From the fracture mechanics viewpoint, the presence
of a graded interlayer would play an important role in de-
termining the crack driving forces and fracture resistance
parameters. In an attempt to address the issues pertain-
ing to the fracture analysis of bonded media with such
transitional interfacial properties, a series of solutions to
certain crack problems was obtained by Erdogan and his
associates® =", Among them there are the solutions for a
crack in the non-homogeneous interlayer bounded by dis-
similar homogeneous media®; and for a crack at the in-
terface between homogeneous and non-homogeneous ma-
terials® (P, Similar problems of delamination or an in-
terface crack between a functionally graded coating and a
substrate were considered in Refs. (8) — (10). The dynamic
crack problem for non-homogeneous composite materi-
als was considered in Ref. (11) but authors considered the
FGM layer as a multi-layered homogeneous medium. The
crack problem in FGM layers under thermal stresses was
studied by Edrogen and Wu'!?. They considered an un-
constrained elastic layer under statically self-equilibrating
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thermal or residual stresses.

In this paper, the problem in Ref. (13) is reworked us-
ing a somewhat different approach, named the Schmidt
method!*-19 As discussed in Ref. (13), it is assumed
that the Poisson’s ratios V(J) G,k =123, j=1,2) of
the mediums are constants and the material modulus ,u(’ )
Ef’ ) (i, j,k=1,2) varies exponentially with coordinate par-
allel to the crack. By use of the Fourier transform tech-
nique, the problem can be solved with the help of two
pairs of dual integral equations in which the unknown
variables are the jumps of the displacements across the
crack surfaces. To solve the dual integral equations, the
jumps of the displacements across crack surfaces are ex-
panded in a series of Jacobi polynomials. This process is
quite different from those adopted in Refs. (1)—(13) and
(15)-(20) as mentioned above. However, in the previous
works®~(13).(18)-20) the ynknown variables of dual inte-
gral equations are the dislocation density functions. This
is the major difference. First, the numerical solutions are
obtained for the stress intensity factors when the material
properties are continuous along the crack line. The nu-
merical results are similar with that in Ref. (13). Second,
the numerical solutions are also obtained when the ma-
terial properties are not continuous across the crack line
under the assumptions that the effect of the crack surface
overlapping very near the crack tips is negligible. For this
special case (From practical view points, researchers in
the field of functionally graded materials will not pay their
attention in this case), it is found that the stress singulari-
ties of the present interface crack solution are similar with
ones for the ordinary crack in homogeneous orthotropic
materials!®- (7,

2. Formulation of the Crack Problem

It is assumed that there is an interface crack of length
2] along the x-axis between two dissimilar orthotropic
FGM half-planes —co < x <00, 0 <y < 00 and —co < x < 00,
—o00 <y <0 as shown in Fig. 1. As discussed in Refs. (13)
and (18), to make the analysis tractable, the elastic con-
stants of the FGM are assumed to be as follows in the
global x—y coordinates

0 _ (J) eﬁ(f)x E(/)

h gDy . .
Hil =Hijo EQe", (j=1,2; ik=1,2,3)

ey

where 8 is a constant (The superscript j = 1,2 corre-
sponds to the upper half plane and the lower half plane
throughout this paper.). If :“(112)0 :“(122)0’ E(&)) = E%) and
BV =B the problem in this paper will return to the same
problem as discussed in Ref. (13).

Here, u”(x,y) and v\’(x,y) represent the displace-
ment components in the x- and y-directions, respectively.
The constitutive relations for the non-homogeneous mate-
rial are written as
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Fig. 1 Geometry of the interface crack between two dissimilar
orthotropic functionally graded materials and the
variation of the elastic constants y(’) uefx g
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The non-dimensional parameters c(]) (i,k=1,2,3, j=1,2)
involved in the above equations are related to the elastic
constants by the relations:

c(ljl) Ei{)) I::u(ljz)() (l (j)zE(J) /E(J))]

() () ) N2 () (D) D) () (D)

c2]2 E] [ 1120(1_ J E]/E/)] ]E]/E/

() ) () ) ()2() () D ()

ey = 112E2{)/[/"1120(1 i EJ/E])] V¢
=, (j=1,2) ©)

for generalized plane stress, and by

( )] ()0 )

N =E (1 v2131/3]2)/(A(J),u] )

(J) E(])(l v(}) (/))/(A(/) ) )

(J) () (J) (J) (J) (J) (J) ),
=K, ( ViV ExlE )/(A]/"lzo)

() (J) (/) (/) 0 () 0,
E ( V23 31E /E )/(A] )
() — DD DD DD N, D, D
AV =1=vpvil =33V = V3 Vi3 ~Va Va3 Vi)
() (/) () _
~Vi3Va1 Vi G=1.2) ©)

for plane strain. v%) (j=1,2; i,k=1,2,3) are the Poisson’s
ratio and are taken to be constant; owing to the fact its vari-
ation within a practical range has an insignificant influence
on the value of the near-tip driving for fracture’~®.

In this paper, we just consider the generalized plane
stress problem. The equations of equilibrium of the or-
thotropic FGMs, in the absence of body forces, may be
expressed as follows:

o PuD  Pud
11752 A2

L0 (0(1’3 e
ox dy

.\ OPYD
)
+(l+c12) oy

)=0, (j=12) (N
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PAD VD (o0 PP 1 (2 ,
(1) _ —Ai(s)y —isx
a2 Tn o +(1+012) %0y u(x,y) = ﬂ[mj_zll“j(s)e iMe™ s o
0 )] ol ) 1 2 Sy ,—isx
+ﬁ<f>( A ) 0. (j=1,2) ®) W= | Smia e e s
dy ox ) oo iz
1 (& .
) _ X -Ai(8)y ,—isx
3. Solution wr =0 I L ANeTeds
00 4
The system of above governing equations is solved, V@ (x,y) = 1 S mi(s)Aj( s)e W pTisx g
using the Fourier integral transform technique to obtain 27 J-co j3
the general expressions for the displacement components (10)
as and from Egs. (2) — (4), the stress components are obtained
as
(]) eﬁ(l)x 00 2
1 1 A8y —i
o-é”(x,y) 120 Z‘l lsc(u)—c(zz)mj(s)/lj(s)]Aj(s)e AW g=ist g
(1) (l)x N ]2_ (11)
(1)()6 y)= 120 Z /l](s)—imi,‘(s)s]Aj(s)e_’lf(s)”e_’”ds
-0 j=1
e SOx
2 2 A8y —i
(2)()6 y)=—— 120 Z lsc(u)—c(zz)mj(s)/lj(s)]Aj(s)e W e=isx g
o (12)
:“(122)0 ;
LEACAE —ﬂ OOJZB[ Ay() = im(5)s] Aj(s)e~ Ve d s

where s is the transform variable, A; (j=1,2,3,4) are arbitrary unknowns.
4;(s) (j=1,2) are the roots of the following characteristic equation

(1) 4 @ (1) _ (12 DY 4 ;e (D (1) 1 _ (D2 (12 (D 1) 2 D)
nA = [ (11022 ), 2012)+1sﬁ (c Cyy —2C15 —Cy )+,8 012]/1 +c s(s—i—z,B )—O (13)

and m;(s) (] =1,2) are expressed for each root 4;(s) (j=1,2) as
c(lll) 2+ A?(s) - isﬂ(l)c(lll)

A;(s) [—ls(l +c(l]2)) +,8<1)c(l]2)]

A(s) (j=3,4) are the roots of the following characteristic equation

(2) 34 (2) (2) (2)2 (2) 2) (2 .2 2) _ (2)2 2)2 (2) 2) 2 A\ _
A — [ ( Ci1Cy — €y =20 )+1sﬁ( )(c Cyy —2¢)5 —C)5 )+,8( ) clz]/l +c\7s (s+zﬁ( )) =0 (15)

mj(s)= ,(j=1,2) (14)

and m;(s) (] =3,4) are expressed for each root 4;(s) (j=3,4) as

2 2
c(“)s2+/12(s) ls,b’(z) 2)

mj(s)= (j=3.4) (16)
A;(s) [—ls(l + c(lzz)) +,8(2)c(122)]
The roots may be obtained as
aM(s)+ \/a(m(s) - 47“)(s)c(212) aD(s)— \/a(l)z(s) —47(1)(s)c(2]2)
Ai(s)= D , Aa(s)= D (17)
2¢,, 2¢5,
a®(s)+ \/a(z)z(s) ~4y@D(s)cs) a(s5)— \Ja?2(s)~ 4y (s)c)
A3(s)=— @) s Ag(s)=- @) (13)
2¢5, 2¢5,
where
2
(Z(l)(s)— s (C(lll)c(zlz) (1)2 ZC(]))+1Sﬁ(1)(C(])C(212) 26(112) (1)2) +B(1)2 (1) 7(1)(S) =C(111)S2(S+iﬁ(l)) ,
2
0= (e~ 262 isp? (R 2 )1 8D, 0= 54 B

From Egs. (9) - (12), it can be seen that there are four unknown constants (in Fourier space they are functions of s), i.e.,

Aj, j=1,2,3,4, which can be determined from the following boundary conditions:
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o-fj')(x,O)za'(f)(x,O): —oo(x), In the solution of such problem, it is obvious that some
7{ ly) (x,0)= Tfy)( x,0)=—10(x), |xl<l (19) unsurmountable mathematical difficulties will be encoun-
tered and have to be simplified with the parameter 8 (i =

(1) —_ +2 (1) —+(2)
7y (60 =0,7(5,0), 7 (£,0) =73 (5,0, x> 1,2). In this paper, it is decided to assume g = 8® = .

(20 Applying the Fourier transforms and the boundary condi-
uV(x,0)=u@(x,0), vV (x,00=vP(x,0), |x|>1 tions (19)—(21), it can be obtained
Aq(s As(s
o wiolwli] e
where oy(x) and 7¢(x) are known functions. 2 4 B
Let fi(x) (i =1,2) be the jumps of the displacements ] [ Ay(s) ]—[X4] [ As(s) } _| A } 25)
across the crack surfaces defined as follows: As(s) Ay(s) So(s)
A =uV(x,0)-u®(x,0) (22) where
L0 =vD(x,0)-vP(x,0) (23)

X,]= » H(llz)o [_isc(llz) _ c(zlz)m1(s)/11(s)] :“(112)0 —isc(llz) —c(zlz)mz(s)/lz(s)] l
Hin [=A1(5) = imy (5)s] 4D [~ y(5) ima(5)s]

[X,] = [ K [—isc%) _C%)m3(S)/13(S)] 10 | =isc'?) = cCma(s)Aa( s)] ]
Hizo[=A3(5) = im3(s)s] Hp[=Aa(5) = ima(s)s]

= Lo } [X4]=[ Lol }

| mi(s) ma(s) m3(s) my(s)
A superposed bar indicates the Fourier transform. The Fourier transform is defined as follows:
7 * [ 1 ® =z —isx
()= f fe™dx,  f(x)= o f f(s)e™ds (26)

By solving four Egs. (24) and (25) with four unknown functions, substituting the solutions into Eq. (19) and applying the
boundary conditions, it can be obtained

oP(x,0)= e;—; f : |[d1(9)fi(5)+ da(s)fa(s)| e ds = —0ro(x),  0<|x|<I 27)

)(x,0) = % f : |[d5()fi(5)+da() fa(9)| e ds = —to(x),  O<|x| <! (28)

f mﬁ (e ™ ds=0, |x|>1 (29)

f AW s =0, > 1 (30)
where dl(s;,m da(s), ds(s) and ds(s) are known functions as follows

d(s) da(s)
ds(s) da(s)

To determine the unknown functions fj(s) and £(s), the above two pairs of dual integral Egs. (27) — (30) must be solved.

[Xs5]1=[X3] - [X41[X2]7' [ X1, [ =[X1[Xs]™"

4. Solution of the Dual Integral Equations

To solve the problem, the jumps of the displacements across the crack surfaces can be represented by the following
series (When the material properties are not continuous along the crack line, as assumption mentioned above, the problem
is solved under the assumptions that the effect of the crack surface overlapping very near the crack tips is negligible. These
assumptions had been used in Refs. (18) —(20). It can be obtained that the jumps of the displacements across the crack
surface are finite, differentiable and continuous functions.):

o0 2\1

A=Y anP511/251/2>(§)(1 - ’;—2) . for O<|x<l 31)
n=0

fix)=0, for |x|>I (32)
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)= anpg,‘/zs'ﬂ)(Y)(l -1—2) . for O<[x<!
n=0
(33)
f(0)=0, (34)
where a, and b,, are unknown coefficients, Pﬁl” 21 2)(x) isa
Jacobi polynomial?". The phenomenon of the crack sur-
face overlapping near the crack tips will not be included in

the series as shown in Egs. (31)—(34). The Fourier trans-
form of Egs. (31)—(34) is??

for |x|>1
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fils)= ZanG Jn+1(SZ)

n=0

F(n+1+ l)
. 2
G,=2 VE(—I)”z”T

where I'(x) and J,,(x) are the Gamma and Bessel functions,
respectively.

Substituting Eq. (35) into Egs. (27)—(30), it can be
shown that Egs. (29) — (30) are automatically satisfied. Af-
ter integration with respect to x in [-I,x], Egs. (27) and
(28) reduce to

fZ(S)— Zb Gn Jn+l(Sl)
(35)

(36)

X
Z G, f = [ (8)ay +da()Da] Jir (sD)| e = e |ds = - f oo(s)ePds, 0<|x|<I (37)
T =0 - —
X
Z G f 5 [ds()an +da()bu) Sy (s [ ™~ |ds =~ f To(s)e Pds,  0<|x|<l (38)
T =0 - -1
From the relatlonshlps(z”
sin[nsin™ (b/a)|
00 1 - > aZ
. n
fo EJn(sa)sm(bs)ds— & sin(n7/2) 39)
n[b+ Vb? —az]n ’
cos[nsin_l(b/a)]
00 1 - > aZ
n
jo‘ ;J,,(sa)cos(bs)ds— " cos(nm/2) 40)
n[b+ Vbz—az]n’ B
the semi-infinite integral in Egs. (37) and (38) can be modified as:
25j R
0o —cos[(n+1)sm (—)], n=0,2,4,6,...
dj (S) —isx _ sl _J n+l l
T (sh|e —e|ds=1 "7
- —20; s‘n[(n+1)sin—1(f)] n=13,5,7
n+1 1 l £ S e e I R
® 1 d(s) —lSA lS .
+f —[ ! } T (sh]e lds (i=1.4) (41)
S| S
2 s (5%, s
food (s) (sz)[ —ISX_eiSI]dS_ 1 cos|(n sin~ , n=13,57,...
Bt T -2is;
{sm[(n+1)s1n ( )]+( 1)2 } n=0,2,4,6,...
n+1
® 1 d(s) —ISX lS
al —[ ’ } Jui(sh e = ) ds
o S S
1[d; ) .
+ fu ;[ ’Es) +6_,«]Jn+1(sl) e =e]ds  (j=2.3) (42)
where lim d,(s)/s=6;, lim dy(s)/s=— lim dr(s)/s=06>, lim d3(s)/s=— lim d3(s)/s=03, lim d4(s)/s=04.
§—+00 §—+00 §——00 §—+00 §——00 §—*00
It can be seen as follows:
(1) QY] (1) ~ QY] QY] (1) ~
Higg|~i€iy = Cpp it 1/11] Higg|~i€1y —Cpp it 2/12]
[Xl] ) ) (43)
Hizo [_/11 _lml] /‘120[ /12_””2]
(2) (2) (2) ~ (2) (2) (2) ~
- Mg |—iC)y —Cpplt 3/13] My |—iC); —Cyp i 4/14]
[Xz] - @ [ 3 1) (@4
/‘120[ ’13_””3] “120[ /14_””4]
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- 1 1 - 1 1
[&k[~~L[&k[~~] (45)
my iy s g
~ ~ ~ ~ 1-1r~ 51 52 ~ ~ 1-1
o] =[] [l ] |0 5[]l o)
Where
(1) (D (1 (1) (Y] (1) (1) (1) (1 (1)
~ ) —Cp (2+012)+011622 \/ 4ciycyy + [ (2+C ) Cuczz]
Ay =slu}1 A(8)/s= \ 5 (1) s
(] (1) @1 (D (1) (1) (1) ()] M (H1?
~ ) C12<2+C12 TC €y — \/ 4cijcyy + (2+C ) C11€2
/122 thP /12(S)/S= \ ) &) 5
S—>+00 022
2) (2) 2) (2) 2) (2) (2) (2) (2) (2)
~ ) —p (2+612 Tyt \/ deyjey + 012 (2+C ) Cuczz]
Az = lim A3(s)/s=— > ,
§—+00 \ 2C22
(2) (2) 2) (2 2) (2) (2) (2) (2) (2)
~ ) —Cp2 (2+Clz TCCp ~ \/ —4cjcy + C12 (2+C ) Cnczz]
/14=€111}1 /14(5)/52—\ ) @) ,
S—>+00 C22
C(J)
1
= lim m;(s)=———= (j=1,2,3,4).
§—+00 J —l/l (1+C(j))
When ﬂ(llz)o /,1(122)0, c(llz) c(]22), c(zlz) (2) and c(ll])—c(lzl),lt can be obtained that 6 =64 =0,
(MY (D (1) (1) (1) 2 2
ul20[2a1a2(1+c )c 6, cl2( deiicyy +05-A )] @
4 \/_c(lll)c(zlz)(l +c(1))(a/1 +as)
() MY (D (1 (1 (1) 2 2
Mg [2a1a2(1 +clz)c22 0, — cl2( deiicyy +05-A )] 48)
2V265) (143 @O + Ao) — 1 (=62 + Ag)]
6 =cD2_ DD g Dy D), W A [ p [  This is th
1=c)) =il 6= 012( +012)+Cuczz’ 0= /4|y +6%, ay = (1) (1) is is the same
€2

case as in Ref. (13).

The semi-infinite integral in Egs. (41) and (42) can
be evaluated directly. Equations (37) and (38) can now
be solved for the coefficients a, and b, by the Schmidt
method' (9 For brevity, Egs.(37) and (38) can be
rewritten as

i a,E5(x)+ i b, F,(x)=Up(x), 0<x|<l (49)
n=0 n=0
f} a, G (x) + f} byH:(x)=Vo(x), 0<|x|<l (50)

n=0 n=0
where E;(x), F,(x), G,(x), H;(x), Up(x) and Vy(x) are
known functions. The coeflicients a, and b,, are unknown.
From Eq. (50), it can be obtained:

S b H(X) == 3 anG () + Vo)
n=0 n=0

It can now be solved for the coefficients b, by the Schmidt
method14-(19-29-C8 Here the form — " a,G:(x)+ Vo(x)

n=0
can be considered as a known function temporarily. A set

of functions P,(x), which satisfy the orthogonality condi-
tion

(51
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[
PPy (X)dx = NyS: M=mewuﬂ)
-1

}

can be constructed from the function, H; (x), such that

mnzﬁwm

nn

(53)

where M;; is the cofactor of the element d;; of D,,, which
is defined as

[ doo,do1,do2s ..., don
dio,di1,d12,...,d1,
doy,da1,dn,...,doy, y
Dy=| oo , d,-jsz;‘(x)H;(x)dx
-
,anadnl,an’---,dnn,

(54)
Using Eqgs. (51)—(54), it can be obtained that

st Mn' .
b, = quM—J with

j=n Jj
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Za, 7 f G (x)P(x)dx

[

N VO(X)P (x)dx (55)
So it can be rewritten
!
by Za Km + Z f VO(x)Pj(x)dX,
NiMjj J-
K, = G (V)P ;(x)dx (56)

o Nj M
Substltutmg Eq. (56) into Eq. (49), it can be obtained

3 @Y (0) = Uo(x)~ W),
n=0

n-oi

Yi(x)=E(x)+ ZK* F (),

W(x)= Z F,(x) Z V()(s)P i(s)ds  (57)

NMU

So it can now be solved for the coefficients a, by the
Schmidt method again as mentioned above. With the aid
of Eq. (56), the coeflicients b, can be obtained.

5. Stress Intensity Factors

The coeflicients a,, and b,, are known, so that the en-
tire stress field can be obtained. However, in fracture me-
chanics, it is important to determine stresses 0'(1) and T(l)

in the vicinity of the crack tips. In the case of the present
1)

study, o, and 7 along the crack line can be expressed
as:
oD (x,0)
eﬁx oo

o 1
Z G, f [dy(8)ay, +do(5)bp] Jnse1 (sDe ¥ ds

BX oo
= e_ Z G { f (dIES) —61)J,,+1(sl)e_i”ds

+by, f (dfs)—&z)fnﬂ(soe"”ds
0

0
+b, f (d2(s) +62)J,1+1(sl)ei”ds
o\ S

+5161nf i1 (sDe ™% ds

+62b, f Jpe1(sDe % ds
0

—63b, f J,m(sl)e‘i”‘ds} (58)

) (x,0)
eﬁx oo

ZG f i [d3($)a, +ds(5)by] Jus1 (sDe” ¥ ds

BX oo
= e_ Z G {a,,f (d3§S) —63)Jn+1(sl)e_i5xds
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0
(d3(s) + 53)Jn+1 (she™*ds

dy(s)

+b, ( —64)Jn+, (she™*ds

+83a, f i1 (sDe™ % ds
0
O .
—63a,,f Jos1(she™ds

+64b, f J,,H(sl)e—"”ds} (59)

00

An examination of Egs. (58) and (59) shows that, the sin-
gular part of the stress field can be obtained from the rela-
tionships as follows?D:

f"o Ju(sa)cos(bs)ds
0

cos [n sin”! (b/a)]
s

B a’sin(nr/2)
Vo=@ |b+ Vo2 —a?|"

,a>
(60)
b>a

foo Ju(sa)sin(bs)ds
0

sin [nsin-1 (b/a)]
— 2 a>b
— \Y% a2 - b2 (6 1 )
a"cos(nr/2)
ViZ=a?|b+ VP —a?|"

b>a

f T (she™™¥ds=0, x> 1 (62)

For [ < x, the singular part of the stress fields can be ex-
pressed respectively as follows:

6 oo .
ze Zb G, [ f Toer(sDe™™ds

0
- f ol (sl)e’”"ds]

eﬁx )
=- Zb Gn0n(x) (63)

eﬁx oo 00 .
Z an n |:f Jn+l (Sl)eil”ds
n= 0

0
- f Jnﬂ(sl)ei”ds}

6
__ & ZanGnQnu) (64)
where
(i n=0,2,4,6
‘/xz—lz[x+ \/)C2—12]n+1’ T
Qn(x): ( 1)’”1 ln+1
n=1,3,57....

n+l’
Va2 -2 [x+ \/xz—lz] '
For x < —/, the singular part of the stress fields can be ex-
pressed respectively as follows:
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eﬁ Zb Gn[ f Jps1(sDe % ds

0
- f Jns1 (sl)ei”ds}

- 526 Zb G 0(x) (65)

eﬁx ian

n|:f Jn+1(Sl)e_lsde
n=0 0

0 .
—f J,Hl(sl)e_’”ds}

eﬁx 0
== > anGr 05 (%) (66)
n=0
where
Cnir! 0,2,4,6
9’ n: 9’ b 9’ 9.
. V- [|x|+ \/x2—l2]n+1
Qn(x)_ l( 1)”+lln+1

n=1,3,5,7,...

2[5+ Ve[

The values of the stress intensity factor at the right tip of
the crack can be given as follows

Ki()= lir? \V2(x=0)-o
x—l*

1
I'n+1+—=
26,1 & ( 2)
=- j_ Z( 1)"by——"t (67)
ﬂ .
Kn()= lirg V2(x=1)-7
1
I'n+1+=
2631 & ( 2)
- 371'1 g}o(—nnanin! (68)

The values of the stress intensity factor at the left tip of the
crack can be given as follows

Ki(-D)= lirr}f V2(x|=1D)-o
2626_ﬁl b

1
r 1+ -
B Zb (Vl+ +2)
\/ﬁ n=0 " n!
Ku(-D= lim V2(H =Dt

I
rln+t+=
265507 (”+ +2)
_ a
\/ﬁ n=0 l/l'

(69)

(70)

6. Numerical Calculations and Discussion
To check the numerical accuracy of the Schmidt
9 9
method, the values of | ) a,E,(x)+ ). b,F, Z(x)} / 2rop)

n=0 n=0
and Uy(x)/oq are given in Table 1 for I =0.1, —oo(x) =
—po, To(x) = 0.0, ;1(112)0 ,u(lzz)0 = 6.4GPa, E(l) = E(%) =
207.0GPa, EY) = ESY) = 19.0GPa and V) = v(213) =\ =

Series A, Vol. 47, No. 3, 2004

9 9
Table 1  Values > a,,E;(x) + > b,F ;(x)} / (2moy) and
n=0 n=0
Uo(x)/oy for Bl = 0.1, —o(x) = —po, To(x) = 0.0,
1 2 1 2
= ul = 64GPa E\) = EQ = 207.0GPa,
(D _ (2) (1) (1) (2) (2) _
Ey = =19.0GPaand v, =v,; =v; =v;; =021
1
| S B0+ Y b, (9}(2n0;)
a X)+ 2) X vize
| (2,0 20 ° U)o,
;
J Real part Imaginary part
0.08 £0.335950D+00 0.634354D-06 -0.336014D+00
012 -0.336352D+00 0.654894D-06 -0.336419D+00
020 -0.338435D+00 0.643771D-06 -0.338506D+00
024 -0.340369D+00 0.836626D-06 -0.340443D+00
032 -0.346661D+00 0.670968D-06 -0.346740D+00
0.40 20.357030D+00 0.812209D-06 -0.357113D+00
052 -0.382440D+00 0.971902D-06 -0.382530D+00
0.60 -0.407425D+00 0.111449D-05 -0.407520D+00
0.72 -0.459487D+00 0.121751D-05 20.459589D+00
0.80 -0.505382D+00 0.130893D-05 -0.505489D+00 |
0.88 20.561395D+00 0.118526D-05 0.561507D+00 |
092 -0.593508D+00 0.112408D-05 -0.593622D+00
0.96 -0.628524D+00 0.117726D-05 -0.628640D+00
Table 2 Values of a, and b, for Bl=0.1, —0(x) = —pyg, To(x) =
1 2 1 2
0.0, /1(12)? 1% = 6.4GPa, E{{) = E\} =207.0GPa,
1 2 1 1 2 2
EY) =ES) =19.0GPaand v) =v{) =v) =+ =0.21
a,/2ro,) b, I(27c,)
n
Real part Imaginary part Real part Imaginary part
0 0.945628D-02 | -0.821088D-09 | 0.796148D-05 | -0.207069D-10
! 0.447544D-04 0.376669D-09 0.605202D-06 0.165248D-11
2 0.106567D-06 | -0.121080D-09 | 0.424735D-07 | -0.693769D-11
3 0.548460D-07 0.457541D-10 0.207524D-08 0.200616D-11
4 0.155097D-07 0.186251D-10 0.508114D-09 0.961863D-12
5 0.433377D-08 0.614823D-11 0.368583D-10 0.177465D-12
6 0.567221D-09 0.331182D-12 0.720552D-11 | -0.422709D-13
7 0.231342D-09 0.401144D-12 0220275D-11 | 0.105477D-13
8 0.103451D-10 0.331227D-13 0.102215D-11 0.121751D-14
9 0.434138D-11 0335267D-14 0.543321D-12 | 0.754752D-16
(2) _

Vyy = =0.21. In Table 2, the values of the coefficients a,
and b, are given for Bl =0.1, —o¢(x) = —po, To(x) =
iy =15 =6.4GPa, E\) = ﬁ; 207.0GPa, Ey) = E5) =
19.0GPa and v\) =v})) _v(f; =17 =0.21.

As dlscussed in the works®»-(®® and the above
discussion, it can be seen that the Schmidt method is
performed satisfactorily if the first ten terms of infinite
series in Egs.(31) and (33) are retained. The behavior
of the sum of the series keeps steady with the increasing
number of terms in Eqgs. (31) and (33). For the case in
which the material properties are not continuous along
the interface, it is assumed that (,u(llz)O,E%),Egg, (112) ,v(;;)
(7.07 GPa, 156.75 GPa, 10.41 GPa,0.31,0.49) and (13,
EQEQ VIV = (6.4GPa,207 GPa,19GPa,0.21,
0.21). For the case in which the material properties

are continuous along the interface, it is assumed that
1 D () (1) (1 2) Q) 2 (2 2

( (12)0’E§0)’E;0)’ (12)"’(22)) = ( (12)0’E(10)’Eé0)’ (12)"’(23)) =

(7.07 GPa, 156.75 GPa, 10.41 GPa,0.31,0.49). The crack

surface loading —o(x) and —7p(x) will simply be

assumed to be a polynomial of the form as follows:

nre-men(3)- o) - (3)
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Fig.4 Influence of Bl on the normalized Mode-I SIFs under

2
the loading oy (x) = p» (%) and 7y(x) =0 for the case in
which the properties are continuous along the crack line

e )

Since the problem is linear, the results can be superim-
posed in any suitable manner. The results are obtained by
taking only one or two of the eight input parameters pg, pi,
D2, P3» S0, S1, $2 and s3 nonzero at a time. The values of
the stress intensity factor are calculated numerically. The
results of the present paper are shown in Fig. 2 to Fig. 11.

From the results, the following observations can be
made:
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Fig. 5 Influence of Bl on the normalized Mode-I SIFs under

3
the loading oy(x) = p3 (;) and 7y(x) =0 for the case in

which the properties are continuous along the crack line
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Fig. 6 Influence of 8/ on the values of the stress intensity factor

K under the loading o(x) = po and 7o(x) = 5, (;) for the

case in which the properties are continuous along the

crack line
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Fig. 7 Influence of 8/ on the normalized Mode-I SIFs under the
loading 0y(x) = po and 7¢(x) = 0 for the case in which the
properties are not continuous along the crack line

(1) The aim of the present paper is to give a new ap-
proach to solve the same problem as in Ref.(13). The
solving process is quite different from the other works
such as in Refs. (13) and (16) —(20). The results are simi-
lar to that in Ref. (13) as shown in Table 3 and Fig. 2 when
(i ESDES AL D) = (0 B2 EG 2 2). 1 i
also proved that the Schmidt method is performed satis-
factorily. Further more, the numerical solutions are ob-

tained when the material properties are not continuous

Series A, Vol. 47, No. 3, 2004
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the loading oy (x) = p» (%) and 7y(x) =0 for the case in

which the properties are not continuous along the crack
line
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Fig. 10 Influence of Bl on the normalized Mode-I SIFs under

3
the loading o7o(x) = p3 (;) and 7y(x) =0 for the case in
which the properties are not continuous along the crack

line

across the crack line under the assumptions that the effect
of the crack surface overlapping very near the crack tips
is negligible. For this special case (From practical view
points, researchers in the field of functionally graded ma-
terials will not pay their attention in this case), it is found
that the stress singularities of the present interface crack
solution are similar to ones for the ordinary crack in ho-
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Fig. 11 Influence of B/ on the values of the stress intensity
factor K under the loading o7 (x) = pp and 7o(x) = s, (%)
for the case in which the properties are not continuous
along the crack line

Table 3 The normalized stress intensity factors for an

inhomogeneous orthotropic medium under crack
loading o(x) = po and 7y(x) = 0 for the case k=5.0
and v =0.3 when the material properties are continuous

ED
— (D (1)
oY= N

along the crack line. Where k=

2u150
(1) _ I (1) (1)
EY = El() E20
A K/ poNT | K(DIpoNT | K @) poNT | K (D) poT
0.00 1.0 1.0 1.0 1.0
0.01 1.0025 0.9975 1.00281 0.997158
0.10 1.0231 0.9733 1.02695 0.970557
0.25 1.0631 0.9306 1.06424 0.924860
0.50 1.0946 0.8594 1.12293 0.851615
0.75 1.1281 0.7932 1.18009 0.785286
1.00 1.1556 0.7339 1.23760 0.726810
1.50 1.1979 0.6367 1.35615 0.631754
2.00 1.2290 0.5636 1.45838 0.560195

Where K;(])/ po\/z and K;(=)/ p()\/i represent the stress intensity
factors in Ref. (13).

mogeneous orthotropic materials'!®- (7, This special case
was not considered in Ref. (13).

(ii) In the present paper, the unknown vari-
ables of dual integral equations are the displacement
across the crack surfaces. However, in the previous
works(13-(19-(0 " the unknown variables of dual integral
equations are the dislocation density functions. During the
solution process in the present paper, the results can be
directly obtained, without any need to solve the singular
integral equations. This is the major difference.

(iii) It can be obtained that the values of the
shear stress intensity factors are equal to zero for
the tension loading oo(x) = pp and 7o(x) = O when
(1 D EDA0A2) = (1 B2 ER2.82) from
the results as shown in Fig. 2 to Fig. 5. However, it can be
obtained that the shear stress intensity factors are not equal
to zero for the tension loading o(x) = pp and 7o(x) =0,
the normal stress intensity factors are also not equal to

zero for the shear loading 7y(x) = Sl(;) and op(x) =

JSME International Journal



0 when (s, Ejo Esg iy va3 ) # (1. Bl - Eyg 1353
as shown in Fig.7 to Fig. 11. This is consistent with the
results in Refs. (29) and (30).

(iv) It can be obtained that the stress intensity fac-
tors Ki()/po VI = Ki(=D)/po VI = 1.0 under the ten-
sion loading oy(x) = po and 79(x) = 0 for Bl = 0 and
(e E ELD D 00) = (1 ED ER020). How-
ever, it can be obtained that the stress intensity fac-
tors Ki(l)/ po VI and Ki(-1)/ Do VI tend to unit under the
tension loading o(x) = po and 79(x) = 0 for Bl = 0
and (s EDESADA0) # (2 EG22) s
shown in Figs.2 and 7.

(v) From the results, it can be obtained that the
Schmidt method can be used to solve the mix boundary
crack problem as shown in Figs. 6 and 11.

(vi) The influence of the normalized non-homoge-
neity constant B/ on the stress fields is quite signifi-
cant. It can be obtained that the stress intensity factor
Ki(D)/ po VI tends to increase with increase in the normal-
ized non-homogeneity constant S/, the stress intensity fac-
tor K1(—=1)/po V1 tends to decrease with increase in the nor-
malized non-homogeneity constant S as shown in Figs. 2
and 7 for the tension loading o7o(x) = pg and 7¢(x) =0.

(vii) It can be obtained that the stress intensity fac-
tor Ki()/ pl\/z tends to decrease with increase in the nor-
malized non-homogeneity constant §I, the stress inten-
sity factor Ki(-[)/ pl\/z changes slowly with increase in
the normalized non-homogeneity constant 5/ as shown in
;) and
70(x)=0. It can be also obtained that Ki(l)/ p;VI=0.5 and

Ki(-D/ pl\/z = —0.5 for Bl = 0 under the tension loading

ao(x)=p1 (;) and 79(x)=0.

Figs.3 and 8 for the tension loading oo(x) = pl(
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